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HIGHER GENUS KASHIWARA-VERGNE PROBLEMS AND THE
GOLDMAN-TURAEV LIE BIALGEBRA
ANTON ALEKSEEV, NARIYA KAWAZUMI, YUSUKE KUNO, AND FLORIAN NAEF
Abstract. We define a family KV(g,n+1) of Kashiwara-Vergne problems associated with
compact connected oriented 2-manifolds of genus g with n + 1 boundary components. The
problem KV(0,3) is the classical Kashiwara-Vergne problem from Lie theory. We show the
existence of solutions of KV(g,n+1) for arbitrary g and n. The key point is the solution
of KV(1,1) based on the results by B. Enriquez on elliptic associators. Our construction is
motivated by applications to the formality problem for the Goldman-Turaev Lie bialgebra
g(g,n+1). In more detail, we show that every solution of KV(g,n+1) induces a Lie bialgebra
isomorphism between g(g,n+1) and its associated graded gr g(g,n+1). For g = 0, a similar
result was obtained by G. Massuyeau using the Kontsevich integral.
This paper is a summary of our results. Details and proofs will appear elsewhere.
1. The Goldman-Turaev Lie bialgebra
Let Σ = Σg,n+1 be an oriented surface of genus g with n + 1 boundary components. We fix
a framing (that is, a trivialization of the tangent bundle) of Σ and choose a base point ∗ ∈ ∂Σ.
We denote by π = π1(Σ, ∗) the fundamental group of Σ and define g
(g,n+1) = Q[S1,Σ] =
Qπ/[Qπ,Qπ] to be the vector space spanned by homotopy classes of free loops. When no confu-
sion arises, we shorten the notation to g.
The vector space g(g,n+1) carries a canonical Lie bialgebra structure defined in terms of inter-
sections of loops. The Lie bracket on g(g,n+1) is called the Goldman bracket [4] and is defined as
follows. Let α and β be loops on Σ whose intersections are transverse double points. Then, the
Lie bracket [α, β] is given by
[α, β] =
∑
p∈α∩β
εp α ∗p β,
where εp ∈ {±1} is the local intersection number of α and β at p, and α ∗p β is the homotopy
class of the concatenation of the loops α and β based at p (see Fig. 1). The Lie cobracket on
g(g,n+1) is called the Turaev cobracket [13] and is defined as follows. Let γ be a loop on Σ. By
a suitable homotopy, we can deform γ to an immersion with transverse double points whose
rotation number with respect to the framing of Σ is zero. For each self-intersection p of γ, one
can divide γ into two branches γ1p and γ
2
p , where the pair of the tangent vectors of γ
1
p and γ
2
p
α
β
q
p
α ∗p β α ∗q β
Figure 1. Goldman bracket. In this figure, [α, β] = α ∗p β − α ∗q β.
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Figure 2. Turaev cobracket. In this figure, δ(γ) = γ1p ⊗ γ
2
p − γ
2
p ⊗ γ
1
p.
forms a positive basis for TpΣ. Then, the Lie cobracket δ(γ) is given by
δ(γ) =
∑
p
γ1p ⊗ γ
2
p − γ
2
p ⊗ γ
1
p ,
where the sum is taken over all the self-intersections of γ (see Fig. 2).
The group algebra Qπ carries a canonical filtration with the following property. Choose a set
of generators αi, βi, γj ∈ π with i = 1, . . . , g, j = 1, . . . , n such that
g∏
i=1
[αi, βi]
n∏
j=1
γj = γ0,
where γ0 is the homotopy class of the boundary component which contains ∗. Then, the elements
(αi − 1), (βi − 1) ∈ Qπ are of filtration degree 1 and (γj − 1) ∈ Qπ have filtration degree 2. This
filtration on π induces a two step filtration on H = H1(Σ,Q) with H
(1) = H and H(2) the
kernel of the intersection pairing. The associated graded of Q̂π with respect to this filtration
is the complete Hopf algebra given by gr Q̂π ∼= T (grH) = U(L(grH)), where T (grH) is the
completed tensor algebra of the graded vector space grH and U(L(grH)) is the completed
universal enveloping algebra of the free Lie algebra L(grH).
Let gˆ(g,n+1) be the completion of g(g,n+1). The completed associated graded vector space gr g
can be canonically identified with the space of formal series in cyclic tensor powers of the graded
vector space grH = H/H(2) ⊕H(2). A choice of a basis in π induces a basis in grH : xi, yi, zj
with i = 1, . . . , g, j = 1, . . . n, where xi, yi are of degree 1 and zj are of degree 2. The graded
vector space gr g carries a canonical Lie bialgebra structure induced by the Goldman-Turaev Lie
bialgebra structure on g. It turns out that both the Lie bracket and Lie cobracket on gr g are of
degree (−2).
Let M(Σ) be the mapping class group of the surface Σ fixing the boundary ∂Σ pointwise.
There are a subset M(Σ)◦ ⊂ M(Σ) and an embedding τ : M(Σ)◦ → gˆ(g,n+1) such that any
Dehn twist is in M(Σ)◦, M(Σg,1) includes the Torelli group and the graded quotient of τ is
the classical Johnson homomorphism [7]. In [6], the second and third authors proved that
δ ◦ τ = 0 : M(Σ)◦ → gˆ⊗ˆgˆ. This is one of the motivations to study the graded version of the
Goldman-Turaev Lie bialgebra and the corresponding formality problem.
Definition 1. A group-like expansion is an isomorphism θ : Q̂π → gr Q̂π of complete filtered
Hopf algebras with the property gr θ = Id.
It is easy to see that group-like expansions exist. For instance, every choice of a basis in π
described above induces a group-like expansion θexp defined by its values on generators:
θexp(αi) = e
xi , θexp(βi) = e
yi , θexp(γj) = e
zj .
In fact, group-like expansions are a torsor under the group of automorphisms of the complete
Hopf algebra gr Q̂π ∼= T (grH) with associated graded the identity. That is, every group-like
expansion is of the form θ = F ◦ θexp for some F ∈ Aut(L(grH)). Furthermore, every group-like
expansion defines an isomorphism of filtered vector spaces g → gr g with associated graded the
identity map.
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Definition 2. A group-like expansion θ is called homomorphic if it induces an isomorphism of
Lie bialgebras g→ gr g.
It is easy to check that expansions θexp are not homomorphic. Existence of homomorphic
expansions is one of the main results of this paper. Our strategy is to reformulate the problem
in terms of properties of the automorphism F ∈ Aut(L(grH)). This leads us to a generalization
of the Kashiwara-Vergne problem in the theory of free Lie algebras.
2. The Kashiwara-Vergne problem in higher genus
Denote by L(g,n+1) = L(grH) the completed free Lie algebra in the generators xi, yi, zj with
deg xi = deg yi = 1, deg zj = 2. Define the completed graded Lie algebra of tangential derivations
(in the sense of [1]):
tder(g,n+1) = {u ∈ Der+(L(g,n+1)) | u(zj) = [zj , uj] for some uj ∈ L
(g,n+1)},
This Lie algebra integrates to a pro-unipotent group
TAut(g,n+1) = {F ∈ Aut+(L(g,n+1)) | F (zj) = F
−1
j zjFj for some Fj ∈ exp(L
(g,n+1))}.
Also following [1], let tr(g,n+1) denote the vector space of series in cyclic words in the xi, yi and
zj ’s and tr the natural projection from associative words to cyclic words. The space tr
(g,n+1)
carries an action of tder(g,n+1) coming from a natural action of Der+(L(g,n+1)). Recall the
definition of the map ∂xi : L
(g,n+1) → U(L(g,n+1)) given by the formula
α(x1, · · · , xi + ǫξ, · · · , xg, y1, · · · , yg, z1, · · · zn) = α+ ǫ ad(∂xiα) ξ +O(ǫ
2) for α ∈ L(g,n+1),
and the same definition for yi and zi. One defines the non-commutative divergence map div :
tder(g,n+1) → tr(g,n+1) as follows:
u 7−→
g∑
i=1
tr(∂xi(u(xi)) + ∂yi(u(yi))) +
n∑
j=1
tr(zj∂zj (uj)),
where uj is chosen such that it has no linear terms in zj . In the case of n = 0, the divergence
coincides with the Enomoto-Satoh obstruction [2] for surjectivity of the Johnson homomorphism.
Proposition 3. The map div is a Lie algebra 1-cocycle on tder(g,n+1) with values in tr(g,n+1).
It integrates to a group 1-cocycle j : TAut(g,n+1) → tr(g,n+1).
Let r(s) be the power series log( s
es−1 ) ∈ Q[[s]], and let r =
∑g
i=1 tr(r(xi) + r(yi)) ∈ tr
(g,n+1).
Below we define a new family of Kashiwara-Vergne problems associated to a surface of genus g
with n+ 1 boundary components.
Definition 4 (KV Problem of type (g, n+ 1)). Find an element F ∈ TAut(g,n+1) such that
F (
g∑
i=1
[xi, yi] +
n∑
j=1
zj) = log(
g∏
i=1
(exieyie−xie−yi)
n∏
j=1
ezj ) =: ξ(KVI(g,n+1))
j(F ) =
n∑
i=1
trh(zi)− trh(ξ)− r for some Duflo function h ∈ Q[[s]].(KVII
(g,n+1))
Let SolKV(g,n+1) denote the set of solutions of the KV problem of type (g, n+ 1). Note that
KV(0,3) is the classical KV problem [5] in the formulation of [1]. The following is the first main
result of this note:
4 ANTON ALEKSEEV, NARIYA KAWAZUMI, YUSUKE KUNO, AND FLORIAN NAEF
Theorem 5. Let F ∈ SolKV(g,n+1). Then, the group-like expansion F−1 ◦θexp is homomorphic.
Moreover, if F ∈ TAut(g,n+1) satisfies (KVI(g,n+1)), then F−1 ◦ θexp is homomorphic if and only
if F ∈ SolKV(g,n+1).
This result holds true for the framing adapted to the set of generators αi, βi, γj ∈ π. Note
that any framing on Σ is specified by the values of its rotation number function on simple closed
curves which are freely homotopic to αi, βi, γj . The adapted framing takes values 0 on αi, βi,
and −1 on γj . Other framings require a more detailed discussion. Our proof of Theorem 5 uses
the theory of van den Bergh double brackets [14], their moment maps [10] and their relation to
the Goldman bracket [9].
3. Solving KV(g,n+1)
Our second main result is the following theorem:
Theorem 6. For all g ≥ 0, n ≥ 0, SolKV(g,n+1) 6= ∅.
Together, Theorem 5 and Theorem 6 imply existence of homomorphic expansions for any g
and n (for g = 0, an independent proof was given by G. Massuyeau [8]). Among other things,
it follows that the obstruction to surjectivity of the Johnson homomorphism provided by the
Turaev cobracket is equivalent to the Enomoto-Satoh obstruction.
In what follows, we sketch a proof of this statement. Let us denote the variables appearing
in the definition of tder(g1+g2,n1+n2+1) by x1i , y
1
i , z
1
j and x
2
i , y
2
i , z
2
j respectively and define the
following map
P : tder(0,3) −→ tder(g1+g2,n1+n2+1)
(u1, u2) 7−→
(
wk 7→ [wk, uk(φ1, φ2)]
)
,with wk ∈ {xki , y
k
i , z
k
j }, k = 1, 2,
where
φ1 =
∑
i
[x1i , y
1
i ] +
∑
j
z1j , φ2 =
∑
i
[x2i , y
2
i ] +
∑
j
z2j .
This map is a Lie algebra homomorphism. It lifts to a group homomorphism TAut(0,3) →
TAut(g1+g2,n1+n2+1) (also denoted by P). Denote by t ∈ tder(0,3) the tangential derivation
t : z1 7→ [z1, z2], z2 7→ [z2, z1]. Recall that for F ∈ SolKV
0,3 there is a family of solutions
Fλ = F exp(λt) for λ ∈ Q.
Proposition 7. Let F1 ∈ SolKV
(g1,n1+1), F2 ∈ SolKV
(g2,n2+1), F ∈ SolKV(0,3) such that their
Duflo functions coincide, h1 = h2 = h. If n1 = n2 = 0 or g1 = 0 or g2 = 0, then there is λ ∈ Q
such that
F˜ := (F1 × F2) ◦ P(Fλ) ∈ SolKV
(g1+g2,n1+n2+1),
and the corresponding Duflo function h˜ = h1 = h2 = h.
Proposition 7 reduces the proof of Theorem 6 to the cases KV(0,3) and KV(1,1). By [1], the
problem KV(0,3) does admit solutions. The remaining case is thus (g, n + 1) = (1, 1). Let
TAut
(0,3)
z1−z2
⊂ TAut(0,3) denote the subgroup which preserves z1− z2 up to quadratic terms. One
defines the following group homomorphism TAut
(0,3)
z1−z2
→ TAut(1,1):
F 7−→ F ell :
{
ex1 7→ F1(ψ1, ψ2)
−1ex1F2(ψ1, ψ2)
ey1 7→ F2(ψ1, ψ2)
−1ey1F2(ψ1, ψ2),
where ψ1 = e
x1y1e
−x1 and ψ2 = −y1.
Furthermore, let ϕ ∈ TAut(1,1) be an automorphism defined by ϕ(x1) = x1, ϕ(y1) =
e
adx1−1
adx1
(y1).
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Proposition 8. Let F ∈ SolKV(0,3), then there is a unique λ ∈ Q, such that (Feλt)ell ◦ ϕ ∈
SolKV(1,1).
The proof of Proposition 8 is based on the results of [3]. Together with Proposition 7, it settles
in the positive the existence issue for solutions of Kashiwara-Vergne problems KV(g,n+1). We
now turn to the uniqueness problem. Recall the notation φ =
∑
i[xi, yi] +
∑
j zj .
Definition 9. The Kashiwara-Vergne Lie algebra krv(g,n+1) is defined as
krv(g,n+1) = {u ∈ tder(g,n+1) | u(φ) = 0, div(u) =
∑
j
tr h(zj)− tr h(φ) for some h ∈ Q[[s]]}.
Of particular interest is the Lie algebra krv(1,1):
krv(1,1) = {u ∈ tder(1,1) = Der+(L(x, y)) | u([x, y]) = 0, div(u) = −trh([x, y])}.
Note that there are other definitions of Kashiwara-Vergne Lie algebras in the literature, see
[11, 12] for an alternative definition of krv(1,1) based on the theory of moulds and [15] for a graph
theoretic definition for arbitrary manifolds. At this point, we do not know what is the relation
of these approaches to our considerations.
The pro-nilpotent Lie algebra krv(g,n+1) integrates to a group KRV(g,n+1) which acts freely and
transitively on the set of solutions of the Kashiwara-Vergne problem KV(g,n+1), G : F 7→ FG.
The following result gives partial information on the structure of the Lie algebra krv(1,1):
Proposition 10. There is an injective Lie homomorphism of the Grothendieck-Teichmu¨ller Lie
algebra grt1 into krv
(1,1) and the elements δ2n ∈ Der
+(L(x, y)), n = 1, . . . uniquely defined by
conditions δ2n([x, y]) = 0, δ2n(x) = ad
2n
x (y) belong to krv
(1,1).
In [3], it is conjectured that grt1 together with δ2n’s form a generating set for the elliptic
Grothendieck-Teichmu¨ller Lie algebra grtell. In view of Proposition 10, we conjecture that grtell
injects in krv(1,1).
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